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this note is to present briefly the more general results previ-
ously obtained in Ref. 3 and to point out several inaccurate
statements in Ref. 1. The notation is that of Ref. 1.

Lighthill’s solution applies for the outer layer between the
spherical shock wave and the interface. It should be pointed
out that only the second of the three approximations stated
in Ref. 1, namely, that of constant density in the flow field
between the body and the shock, is required in that analysis.
If one then starts with a spherical shock wave and expresses
the general shock conditions in terms of the shock density
ratio, one obtains a problem for which Lighthill’s solution is
both exact and unique. The resulting body is a sphere con-
centric with the shock wave (for further discussion, see Ref.
4). Note that strong shock conditions are not used and
that the uniqueness of the solution requires that the shock
wave be spherical if the body is assumed to be a sphere. It
is unfortunate that Lighthill’s original paper is misleading
on these two points.

The solution in the inner layer presented in Ref. 1 can be
generalized? if one relaxes the assumption of injection normal
to the body surface [Eq. (A10) of Ref. 1]. The equation to
be solved is
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which is a first integral of Eq. (A12) of Ref. 1. Here D is the
constant characterizing the rotationality in the inner layer.
The solution of Eq. (1), subject to the conditions at the inter-
face [Eqs. (A8) and (A9) of Ref. 1], is
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where 8. = [dv,/d sine]. and is given from the outer layer
solution by Eq. (Al4) of Ref. 1. Note that the constant
D is unspecified so far.

The solution permits vectored injection of the form (v,).
~ 0S¢, (V,)w ~ sing, or
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where « is the injection angle and the constant 4 specifies the
degree of vectoring.

Using the boundary conditions at the body surface, one
obtains for the rotationality constant the expression
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and for the radial velocity at the body surface the expression
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which replaces Eq. (A15) of Ref. 1. Equations (A16) and
(A18) of Ref. 1 are modified similarly.

Equation (4) shows that the rotationality depends on the
injection process. In fact, if A is chosen to be

A= @B+ R/ (R — 1) (6)

then D = 0, and the inner layer is irrotational. The radial
velocity at the body surface then becomes simply

@)w = 3)B. cosp(Ba™ — 1) @

It would appear from physical considerations that, if the
injection process were ‘carried out without losses, the inner
layer should be irrotational. Results for shock stand-off
distance and pressure distribution based on Egs. (6) and (7)
may be found in Ref. 3. The possibility of an irrotational
inner layer is in contradiction to the statement in Ref. 1
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that this layer must be rotational due to the shear stresses
inside the interface.

A final remark is in order concerning the empirical correc-
tion for the velocity gradient B3, of Lighthill’s solution. The
discrepancy between theory and experiment shown in Fig. 6
of Ref. 1 is of the order that one would expect from the con-
stant density approximation. Actually the experimental
conditions do not satisfy some of the other assumptions of
the analysis. The injection rate is uniform, rather than fol-
lowing a cosine law. The injection region subtends a half-
angle of 30°, rather than the complete subsonic region as
required for the validity of the analysis. Finally, there is no
experimental demonstration that the injection is in fact radial,
as assumed in the analysis of Ref. 1. Although the substitu-
tion of a Newtonian velocity gradient does give somewhat
better agreement with experiment, such an inconsistent
procedure also can give incorrect results. As an example,
in Fig. A-2 of Ref. 1, the tangential velocity immediately
behind the shock wave is shown to be greater than that in
front of the shock wave. This is in clear violation of the
conservation of tangential momentum across the shock wave.
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Author’s Reply to Comment
by M. Vinokur

RoserT J. CrREsc1* aNDp PauLn A. LisByYt
Polytechnic Institute of Brooklyn, Freeport, N. Y.

HE present authors were unaware of the Lockheed re-
port by Vinokur! and are grateful for having it called to
their attention. The analysis of Vinokur employs the same
inviseid model as that of the present authors but is more gen-
eral in that vectored injection is considered in his analysis.
There are only two disagreements between the authors and
Vinokur. The authors’ analysis was motivated by the ex-
periments that were reported in Ref. 2. In particular, the
porous material through which the coolants were injected
was fabricated by a powdered metallurgy process. This
process results in a random orientation of particles near the
exposed surface; the gas thus is injected in a direction normal
to the surface on the mean over a surface area large compared
to the pore size, which, for the authors’, material is on the
order of 65 u, as noted on p. 818 of Ref. 2. In view of this
property of the authors’ material, their analysis was restricted
to radial injection, and ‘“‘vectoring” cannot be a source of
error between theory and experiment as suggested by Vinokur.
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Fig. 1 Comparison of boundary layer and inviscid flow
model profiles with vectored and normal injection

The second point of disagreement involves the source of
the vorticity in the inner layer. Vinokur apparently asso-
ciates this with ‘“losses” in the injection process. Whether
this relates to degradation of total pressure through the por-
ous material or not is unclear to the authors. The authors’
statement in a footnote on p. 825 of Ref. 2 attributes the ro-
tationality in the inner layer to shear stresses. This point
of view is substantiated by the boundary layer analysis of
Fox and Libby.® There the relation between the boundary
layer solutions and those given by the inviscid model of
Vinokur and of the authors was demonstrated for ‘“thin”
inner layers. Conceptually, there is no reason why the rela-
tion between analyses including viscosity and those based
on the model in question should be altered when the inner
layer is thick compared to the usual shock stand-off distance.

It is, of course, true that “vectoring” will change the rota-
tionality in the inner layer. This can be shown by an ex-
tension of the analysis of Ref. 3 to include tangential veloci-
ties at the wall; indeed the solutions of Ref. 8 can be reinter-
preted to apply to vectored injection.

As an example the “free mixing” solution (solution VI of
Ref. 3) can be applied to a wall flow with vectored injection
so as to yield essentially irrotational flow in the inner layer.
The solution identified as solution VIin Ref. 3 and tabulated in
Ref. 4, which presents in extenso the numerical results given
in Ref. 3, has here been extended analytically to a value of
f = fo = —12.5. Thus the integration yielding n = %(&)
can be carried out [cf. Eq. (29) of Ref. 3]. With the solution
extended to the value of f, just given, the velocity distribu-
tions with vectored injection can be compared to solution V
of Ref. 3, which corresponds to the same normal velocity
but with no slip at the wall.

Such a comparison is shown in Fig. 1 along with the corre-
sponding velocity distributions given by the inviscid model.
It will be noted, as may be expected on physical grounds,
that ‘“vectoring” reduces the thickness of the inner layer.
Of significance for the present discussion is the sensibly irro-
tational nature of the inner layer with “vectoring.” Note
that the shear measured by the shear function G — f” is on
the order of 10=5 at » = 0. Thus the rotationality in the
inner layer depends on the tangential velocity at the wall;

TECHNICAL NOTES AND COMMENTS

1713

the relevance of the “losses” related to the injection process
is not clear to the authors.

The comparison shown in Fig. 1 clearly implies that the
dependence of rotationality and tangential velocity at the
wall is through the viscous equations of motion that are
given for thin inner layers by the boundary layer equations.
"Thus it appears to the authors that shear in the inner layer
is the source of the rotationality.
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Comment on “Planar Librations of an

Extensible Dumbbell Satellite”

F. W. NIEDENFUHR*
Ohio State University, Columbus, Ohio

N his interesting paper,! Paul discussed the feasibility of

damping the libration mode of an elongated satellite by
means of a damper that is coupled to the libration mode
through the centrifugal forces due to the libration velocity.
Not unexpectedly, it is found that, since the libration mode
period is long, the coupling to the damping is not very ef-
fective as regards to stopping the libration. The problem is
interesting because too heavy a damper will (essentially)
couple the elements rigidly and thus have no effect on the
libration mode. A different damper configuration that ap-
pears to have a more effective coupling between the system
modes is suggested in Fig. 1, where a simplified dumbbell is
shown consisting of equal masses m connected by a weight-
less rod of length 2a. 'The angle 6 shown is the libration angle
measured from local vertical. To damp the libration, a
symmetrical flywheel of polar moment of inertia 7 may be
attached at the mass center of the satellite. This flywheel
may turn freely with respect to the dumbbell, except insofar
as it is restrained by the viscous damper indicated in the
figure. Denoting the rotation of the flywheel with respect
to local vertical by ¢, equations of motion of the system
easily are found to be

6+ (c/2ma®f + 306 — (¢/2ma?¢ = 0
—(e/Db+ 6+ (¢/De =0

where dots indicate time differentiation, and Q is the orbital
circular frequency, just as in Ref. 1. Assuming solutions
of the form

M

6 = OeM ¢ = PeM (2)
the characteristic equation of the problem is found to be
M A (e F e)A 4 3Q2\2 4 3Q%N = 0 3)

where ¢; = ¢/2ma?, and ¢; = ¢/I. Denote the four roots of
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